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A
lgorithm

s

�

for
pairw

ise
alignm

ent

C
onsider

tw
o

am
ino

acid
sequences

H
E
A
G
A
W
G
H
E
E

and
P
A
W
H
E
A
E

.

C
allthem�

and�

,and
denote

their
lengths

by� �
��

and�
�

� .

W
e

discuss
tw

o
alignm

entproblem
s:

	

globalalignm
ent:

allof�

m
ustbe

aligned
w

ith
allof�

(N
eedlem

an-W
unsch):

H
E
A
G
A
W
G
H
E
-
E

-
-
P
-
A
W
-
H
E
A
E

	

localalignm
ent:

a
subsequence

of�

m
ustbe

aligned
w

ith
a

subsequence
of�

(S
m

ith-W
aterm

an):

A
W
G
H
E

A
W
-
H
E

A
s

w
e

can
see,an

alignm
entm

ay
contain

gaps.
W

e
consider

tw
o

kinds
ofgap

costs:

	

sim
ple

linear
gap

costs:
a

gap
oflength


has
score

�� 




	

affine
gap

costs:
a

gap
oflength


has
score

�� �
� 
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W
arm

ing
up:

S
im

ilarity
of

tw
o

strings;
substitution

m
atrices

C
onsider

tw
o

strings,e.g.� �

R
L
K
A
E

and� �

K
N
K
G
E

ofthe
sam

e
length� �

�
�

� .
In

an
ungapped

alignm
ent,

an
am

ino
acid��

in�

m
ustbe

m
atched

by
an

am
ino

acid� �

in�

.

T
he

score
ofa

m
atch

betw
een

am
ino

acids��

and� �

is���
��� ���� � �� ,given

by
a

substitution
m

atrix.

Itdescribes
the

likelihood
thatam

ino
acid��

w
as

replaced
(substituted)

by
am

ino
acid� �

by
an

evolutionary
event.

A
high

score
m

eans
‘likely’and

a
low

one
m

eans
‘unlikely’.

A
n

am
ino

acid
is

likely
to

rem
ain

the
sam

e,so
the

diagonalofthe
substitution

m
atrix

has
high

num
bers.

T
he

sim
ilarity

ofthe
strings�

and�

is
justthe

sum
ofthe

scores:

���
� ���� �

���
��� ���� �� �
���
��� ���� �� �
���
��� ���� �� �
���
��� ���� �� �
���
��� � ��  �

V
arious

substitution
m

atrices
are

used
in

alignm
entalgorithm

s,e.g.
B

L
O

S
U

M
5

0
and

the
P

A
M

m
atrices.

S
o

far
so

good.
T

he
fun

begins
w

hen
w

e
allow

gaps
in

either�

or�

.
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T
he

B
L

O
S

U
M

5
0

substitution
m

atrix

A
R

N
D

C
Q

E
G

H
I

L
K

M
F

P
S

T
W

Y
V

A
5

-2
-1

-2
-1

-1
-1

0
-2

-1
-2

-1
-1

-3
-1

1
0

-3
-2

0
R

-2
7

-1
-2

-4
1

0
-3

0
-4

-3
3

-2
-3

-3
-1

-1
-3

-1
-3

N
-1

-1
7

2
-2

0
0

0
1

-3
-4

0
-2

-4
-2

1
0

-4
-2

-3
D

-2
-2

2
8

-4
0

2
-1

-1
-4

-4
-1

-4
-5

-1
0

-1
-5

-3
-4

C
-1

-4
-2

-4
13

-3
-3

-3
-3

-2
-2

-3
-2

-2
-4

-1
-1

-5
-3

-1
Q

-1
1

0
0

-3
7

2
-2

1
-3

-2
2

0
-4

-1
0

-1
-1

-1
-3

E
-1

0
0

2
-3

2
6

-3
0

-4
-3

1
-2

-3
-1

-1
-1

-3
-2

-3
G

0
-3

0
-1

-3
-2

-3
8

-2
-4

-4
-2

-3
-4

-2
0

-2
-3

-3
-4

H
-2

0
1

-1
-3

1
0

-2
10

-4
-3

0
-1

-1
-2

-1
-2

-3
2

-4
I

-1
-4

-3
-4

-2
-3

-4
-4

-4
5

2
-3

2
0

-3
-3

-1
-3

-1
4

L
-2

-3
-4

-4
-2

-2
-3

-4
-3

2
5

-3
3

1
-4

-3
-1

-2
-1

1
K

-1
3

0
-1

-3
2

1
-2

0
-3

-3
6

-2
-4

-1
0

-1
-3

-2
-3

M
-1

-2
-2

-4
-2

0
-2

-3
-1

2
3

-2
7

0
-3

-2
-1

-1
0

1
F

-3
-3

-4
-5

-2
-4

-3
-4

-1
0

1
-4

0
8

-4
-3

-2
1

4
-1

P
-1

-3
-2

-1
-4

-1
-1

-2
-2

-3
-4

-1
-3

-4
10

-1
-1

-4
-3

-3
S

1
-1

1
0

-1
0

-1
0

-1
-3

-3
0

-2
-3

-1
5

2
-4

-2
-2

T
0

-1
0

-1
-1

-1
-1

-2
-2

-1
-1

-1
-1

-2
-1

2
5

-3
-2

0
W

-3
-3

-4
-5

-5
-1

-3
-3

-3
-3

-2
-3

-1
1

-4
-4

-3
15

2
-3

Y
-2

-1
-2

-3
-3

-1
-2

-3
2

-1
-1

-2
0

4
-3

-2
-2

2
8

-1
V

0
-3

-3
-4

-1
-3

-3
-4

-4
4

1
-3

1
-1

-3
-2

0
-3

-1
5
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G
lobal

alignm
ent

(N
eedlem

an-W
unsc

h
1970)

C
onsider

tw
o

strings,e.g.� �

H
E
A
G
A
W
G
H
E
E

and� �

P
A
W
H
E
A
E

oflengths� �
��

and�
�

� .
In

a
gapped

alignm
ent,

an
am

ino
acid��

is
m

atched
either

by
an

am
ino

acid�! ,or
by

a
gap.

T
he

score
ofa

m
atch

betw
een

am
ino

acids��

and�!

is���
��� ���� �! � ,given

by
e.g.the

B
L

O
S

U
M

5
0

m
atrix.

T
he

score
ofa

m
atch

betw
een

an
am

ino
acid

and
a

gap
is ��

,w
here�

m
ay

be" .
W

e
w

antto
find

an
optim

al
globalalignm

entof�

and�

:
one

thathas
the

m
axim

alsum
ofscores.

N
aive

attem
pt:

E
num

erate
allpossible

alignm
ents

of�

and�
,com

pute
their

scores,then
choose

one
w

ith
m

axim
alscore.

B
ut...

the
num

ber
ofpossible

m
atches

for
tw

o
sequences

is
very

large
(m

ay
be �� �##).

T
he

naive
approach

w
ould

be
m

uch
too

slow
on

even
the

largestexisting
com

puters.
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U
seful

observation
1:

A
ny

prefix
ofthe

optim
alalignm

entbetw
een�

and�

is
an

optim
alalignm

entbetw
een

a
prefix��$$$�

of�

and
a

prefix� �$$$!

of�

.

S
o

an
optim

alalignm
entcan

be
com

puted
by

scanning�

and�

from
leftto

right,recording
only

the
optim

al

alignm
ents

betw
een

prefixes
of�

and�

,and
forgetting

allthe
non-optim

alones.

M
ore

precisely,w
e

can
build

a
table%

in
w

hich

%� ��&� �

the
m

axim
alscore

for
an

alignm
entbetw

een��$$$�

and� �$$$!

T
hen,by

definition,%� �� ��

is
the

m
axim

alscore
for

a
globalalignm

entbetw
een�

and�

.

(B
ecause��$$'

is
the

entire
string�

,and� �$$(

is
the

entire
string�

).
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U
seful

)

observation
2:

T
he

value%� ��&�

depends
only

on
the

values

%� �
�

��& �
�� , %� �

�
��&� ,and %� ��& �
�� .

T
his

is
because

an
optim

alalignm
entbetw

een��$$$�

and� �$$$!

consists
ofeither

	

an
optim

alalignm
entbetw

een��$$$* � +
�,

and� �$$$* ! +
�,

extended
w

ith
a

m
atch

betw
een��

and�! ;or

	

an
optim

alalignm
entbetw

een��$$$* � +
�,

and� �$$$!

extended
w

ith
a

m
atch

betw
een��

and
a

gap;or

	

an
optim

alalignm
entbetw

een��$$$�

and� �$$$* ! +
�,

extended
w

ith
a

m
atch

betw
een

a
gap

and�! .

S
o

w
e

can
fillin

the%

table
from

leftto
rightand

top
to

bottom
.

T
his

‘filling
in

the
table’is

called
dynam

ic
program

m
ing

(B
ellm

an
1955).

Table%

gives
us

the
m

axim
alscore.

H
ow

find
a

corresponding
optim

alalignm
ent?

W
hen

filling
in%� ��&� ,w

e
record

the
traceback-� ��&�

from

� ��&� :
T

he
traceback

points
atthe

cellthatled
to

the
m

axim
alscore:� �

�
��& �
��

or� �
�

��&�

or� ��& �
�� .

W
hen

w
e

are
finished

w
e

find
an

optim
alalignm

entjustby
follow

ing
the

traceback
from

� �� ��

to� �� �� .
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F
illing

in
the %

m
atrix

for� �

H
E
A
G
A
W
G
H
E
E

and� �

P
A
W
H
E
A
E

�. �

/

0

1

2

1

3

2

/

0

0

413/010
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T
he

filled-in

%

m
atrix

for
global

alignm
ent

of� �

H
E
A
G
A
W
G
H
E
E

and� �

P
A
W
H
E
A
E

�. �

/

0

1

2

1

3

2

/

0

0

�
�"
��5
�67
�8 6
�7

�
�7

"
��5
�5 7
�� 6
�"�

4

�"
�6
�9
���
�6�
�88
�7

�
�7

9
���
�5�
��8

1
��5
���
�8
�7
��6
�6�
�6"
�85
�77
�� 6
�5�

3

�67
��"
���
�5
��
���
��
��8
�6�
�69
�8�

/
�8 6
��7
��"
��8
�"
�9
��8
��
�8
���
��9

0
�7

�
�66
�"
��5
��5
�9
��6
���
��

8
��

1
�7

"
�8�
��5
�8
���
���
��6
��6
���
��

6

0
��5
�8"
�67
���
�5
��6
��7
���
��6
�9

�

T
he

traceback
is

recorded
in

a
m

atrix-

w
ith

the
sam

e
shape

as%
.
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Im
plem

enting
global

alignm
ent:

Initialization

U
pper

border:
position� �� ��

represents
the

alignm
entof��$$$�

to
the

em
pty

prefix
of�

.

T
hatis,the

prefix��$$$�

has
been

m
atched

w
ith�

gaps
in�

.

W
ith

sim
ple

linear
gap

costs,the
score

is �� 
�

.

T
he

traceback
pointer

at� �� ��

points
to� �

�
�� �� .

T
he

left-hand
border

is
sim

ilar.

H
ence

w
e

initialize
the

borders
as

follow
s:

f
o
r

(
i
n
t
i
=
1
;

i
<
=
n
;
i
+
+
)

{

F
[
i
]
[
0
]
=

-
d

*
i
;

B
[
i
]
[
0
]
=

n
e
w
T
r
a
c
e
b
a
c
k
2
(
i
-
1
,

0
)
;

}f
o
r

(
i
n
t
j
=
1
;

j
<
=
m
;
j
+
+
)

{

F
[
0
]
[
j
]
=

-
d

*
j
;

B
[
0
]
[
j
]
=

n
e
w
T
r
a
c
e
b
a
c
k
2
(
0
,

j
-
1
)
;

}
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Im
plem

enting
global

alignm
ent:

F
illing

in
the

m
atrix

P
osition� ��&�

m
ay

be
reached

	

from

� �
�

��& �
��

w
ith

a
m

atch,adding���
��� ���� �! �

to
the

score;

	

from

� �
�

��&�

w
ith

a
gap

in�

,subtracting�

from
the

score;or

	

from

� ��& �
��

w
ith

a
gap

in�

,subtracting�

from
the

score.

T
he

traceback-� ��&�

points
to

the
source

ofthe
m

axim
alresulting

score%� ��&� .
T

hus:

f
o
r

(
i
n
t
i
=
1
;

i
<
=
n
;
i
+
+
)

f
o
r
(
i
n
t

j
=
1
;
j
<
=
m
;

j
+
+
)

{
i
n
t
s
=

s
c
o
r
e
[
s
e
q
1
.
c
h
a
r
A
t
(
i
-
1
)
]
[
s
e
q
2
.
c
h
a
r
A
t
(
j
-
1
)
]
;

i
n
t
v
a
l
=

m
a
x
(
F
[
i
-
1
]
[
j
-
1
]
+
s
,
F
[
i
-
1
]
[
j
]
-
d
,
F
[
i
]
[
j
-
1
]
-
d
)
;

F
[
i
]
[
j
]
=

v
a
l
;

i
f

(
v
a
l
=
=

F
[
i
-
1
]
[
j
-
1
]
+
s
)

B
[
i
]
[
j
]

=
n
e
w
T
r
a
c
e
b
a
c
k
2
(
i
-
1
,

j
-
1
)
;

e
l
s
e
i
f

(
v
a
l

=
=
F
[
i
-
1
]
[
j
]
-
d
)

B
[
i
]
[
j
]

=
n
e
w
T
r
a
c
e
b
a
c
k
2
(
i
-
1
,

j
)
;

e
l
s
e
i
f

(
v
a
l

=
=
F
[
i
]
[
j
-
1
]
-
d
)

B
[
i
]
[
j
]

=
n
e
w
T
r
a
c
e
b
a
c
k
2
(
i
,

j
-
1
)
;

}
B
0

=
n
e
w
T
r
a
c
e
b
a
c
k
2
(
n
,
m
)
;

T
he

startB
0

ofthe
traceback

is
cell� �� �� .
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Local
alignm

ent
of� �

H
E
A
G
A
W
G
H
E
E

and� �

P
A
W
H
E
A
E

(S
m

ith-W
aterm

an
1981)

A
subsequence

of�

m
ustbe

aligned
w

ith
a

subsequence
of�

:

A
W
G
H
E

A
W
-
H
E

R
equirem

ent:
the

expected
score

ofa
random

m
atch

m
ustbe

negative.

Ifthe
score

ofa
random

m
atch

extension
w

ere
positive,then

any
localalignm

entcould
be

profitably
extended

to
a

‘better’(butprobably
biologically

m
eaningless)

one.

N
ew

interpretation
of %� ��&� :

%� ��&� �
the

m
axim

alscore
for

an
alignm

entbetw
een

a
suffix

of��$$$�

and
a

suffix
of� �$$$!
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Im
plem

enting
local

alignm
ent:

Initialization

U
pper

border:
position� �� ��

represents
the

alignm
entofa

suffix
of��$$$�

to
an

em
pty

sequence.

A
n

em
pty

m
atch,w

ith
score

0,is
the

bestw
e

can
do

(because
gaps

have
negative

scores).

T
hen� �� ��

is
the

startofa
new

localalignm
ent,and

the
traceback

pointer
at� �� ��

points
now

here.

T
he

left-hand
border

is
sim

ilar.

H
ence

w
e

initialize
the

border
cells

to
0

and
the

traceback
to
n
u
l
l

(this
is

the
defaultvalue

in
Java).
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Im
plem

enting
local

alignm
ent:

F
illing

in
the

m
atrix

P
osition� ��&�

m
ay

be
reached

	

from
now

here,
w

ith
score

0,because
w

e
can

alw
ays

starta
new

localalignm
ent;

	

from

� �
�

��& �
��

w
ith

a
m

atch,adding���
��� ���� �! �

to
the

score;

	

from

� �
�

��&�

w
ith

a
gap

in�

,subtracting�

from
the

score;or

	

from

� ��& �
��

w
ith

a
gap

in�

,subtracting�

from
the

score.

T
he

traceback-� ��&�

points
to

the
source

ofthe
m

axim
alresulting

score%� ��&� ,ifany.
T

hus:

f
o
r
(
i
n
t

i
=
1
;
i
<
=
n
;

i
+
+
)

f
o
r
(
i
n
t
j
=
1
;

j
<
=
m
;

j
+
+
)
{

i
n
t

s
=

s
c
o
r
e
[
s
e
q
1
.
c
h
a
r
A
t
(
i
-
1
)
]
[
s
e
q
2
.
c
h
a
r
A
t
(
j
-
1
)
]
;

i
n
t

v
a
l
=
m
a
x
(
0
,
F
[
i
-
1
]
[
j
-
1
]
+
s
,

F
[
i
-
1
]
[
j
]
-
d
,

F
[
i
]
[
j
-
1
]
-
d
)
;

F
[
i
]
[
j
]

=
v
a
l
;

i
f

(
v
a
l

=
=

0
)

B
[
i
]
[
j
]
=

n
u
l
l
;

e
l
s
e

i
f

(
v
a
l
=
=

F
[
i
-
1
]
[
j
-
1
]
+
s
)

B
[
i
]
[
j
]
=

n
e
w
T
r
a
c
e
b
a
c
k
2
(
i
-
1
,

j
-
1
)
;

e
l
s
e

i
f

(
v
a
l
=
=

F
[
i
-
1
]
[
j
]
-
d
)

B
[
i
]
[
j
]
=

n
e
w
T
r
a
c
e
b
a
c
k
2
(
i
-
1
,

j
)
;

e
l
s
e

i
f

(
v
a
l
=
=

F
[
i
]
[
j
-
1
]
-
d
)

B
[
i
]
[
j
]
=

n
e
w
T
r
a
c
e
b
a
c
k
2
(
i
,
j
-
1
)
;

}
}

T
he

startB
0

ofthe
traceback

m
ustbe

setto
som

e
cell� ��&�

in %

thathas
m

axim
alscore.
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R
educing

:

the
space

consum
ption

of
global

alignm
ent

A
llalgorithm

s
require

tim
e;� ���

to
fillin

the
tables

and
space;� ���

in
the

com
puter

to
store

the
tables.

H
ow

ever,colum
n�

of%

depends
only

on
colum

n�
�

� .
S

o
only

tw
o

colum
ns

of %

(and
the

traceback)
need

to
be

stored
atthe

sam
e

tim
e.

H
ence

w
e

can
com

pute
the

bestscore
using

only
space;� ��

�� .

H
o

w
reconstruct

the
optim

al
global

alignm
ent

in
this

case?

W
hen�<

�

or�
<

� ,use
the

standard
algorithm

(in
this

case
ituses

little
space

anyw
ay).

O
therw

ise,let= �
�> 6

and
assum

e
the

optim
alalignm

entpasses
through� =� ?� .

(W
e

can
determ

ine?

w
hile

filling
in%

).

R
ecursively

determ
ine

	

the
optim

alglobalalignm
ent@�

betw
een��$$$A

and� �$$$B

	

the
optim

alglobalalignm
ent@�

betw
een�* AC �, $$$'

and�* BC �, $$$(

T
hen

the
optim

alalignm
entbetw

een�

and�

is
the

concatenation
of@�

and@� .
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R
educing

the
space

consum
ption

of
local

alignm
ent

F
illin%

using
only

space;� ��
��

as
above.

K
eep

track
ofthe

starting
point� ��� ���

and
the

ending
point� ��� ���

ofthe
localalignm

entw
ith

highestscore.

C
om

pute
the

optim
alglobal

alignm
entbetw

een
the

subsequences�DE $$$FE

and� DG $$$FG

in
space;� ��

�� .
T

he
resultis

also
the

optim
allocal

alignm
entbetw

een�

and�

.
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A
ffine

gap
costs

U
ntilnow

w
e

used
linear

gap
costs
� H� �

��H

,w
here� �

" .
T

hus
a

gap
oflengthH

�7

has
4

tim
es

the
costofa

gap
oflength

1.

T
his

is
unrealistic;too

expensive,
biologically

speaking.

A
gap

arises
by

an
evolutionary

event,and
a

long
gap

is
nearly

as
likely

to
arise

as
a

shortone.

B
etter

use
affine

gap
costs

ofthe
form
� H� �

�� �
�H

w
here� �

�6

and� �
6 .

H
ence

itis
expensive

to
open

a
gap

( ��6 )
butinexpensive

to
extend

it( �6 ).

A
lignm

entw
ith

affine
gap

costs
is

done
by

dynam
ic

program
m

ing
using

three
m

atrices %�� %�� %#

instead
ofone.

T
he

m
atrices

have
the

follow
ing

m
eanings:

%#� ��&�
�

m
ax

score
for

alignm
entbetw

een��$$$�
and� �$$$!

ending
w

ith
a

m
atch

betw
een��

and�!

%�� ��&�
�

m
ax

score
for

alignm
entbetw

een��$$$�
and� �$$$!

ending
w

ith
a

m
atch

betw
een��

and
a

gap
in�

%�� ��&�
�

m
ax

score
for

alignm
entbetw

een��$$$�

and� �$$$!
ending

w
ith

a
m

atch
betw

een
a

gap
in�

and�!
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O
bservation

about
the%

m
atrix

in
d

ynam
ic

program
m

ing

	

W
hen

the
strings�

and�

are
identical,the

traceback
w

illfollow
the

diagonalofthe%

m
atrix.

In
thatcase,only

the
diagonalneeds

to
be

filled
in

(w
hich

takes
m

uch
less

tim
e).

	

W
hen

the
strings�

and�

are
very

sim
ilar,the

traceback
w

illfollow
a

band
along

the
diagonal.

In
thatcase,only

the
elem

ents
ofthatband

of%

need
to

be
filled

in.

	

W
e

m
ay

speed
up

dynam
ic

program
m

ing
by

filling
in

only
a

band
along

the
diagonalof %

.

B
utthis

m
ay

overlook
a

good
(high-scoring)

alignm
entw

hose
traceback

w
ould

go
outside

the
band.

H
ence

this
gives

only
an

approxim
ation

to
the

optim
alalignm

ent.
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D
atabase

searches

A
sequence

database
contains

a
large

num
ber

ofsequences
(e.g.100.000).

W
hen

searching
a

database
w

e
a

given
shortquery

string,e.g.oflength� �
��� .

W
e

then
seek

the
bestlocal,gapped

alignm
entbetw

een
the

query
string

and
each

ofthe
database

sequences.

S
o

w
e

m
ightuse

the
S

m
ith-W

aterm
an

algorithm
for

each
sequence

in
the

database.
Too

slow
in

practice.

D
atabase

search
program

s
(B

lastand
Fasta)

do
use

dynam
ic

program
m

ing,butonly
after

som
e

prelim
inary

w
ork.
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T
he

B
last

2
database

search
algorithm

(A
ltsc

hul
et

al.
1997)

Leta
query

string
be

given.

	

F
ind

hits
betw

een
3-letter

substrings
ofthe

query
string

and
3-letter

substrings
ofthe

database
strings.

A
hitm

usthave
a

score
ofatleastI

,e.g.I
�

�� .

	

F
ind

tw
o

non-overlapping
hits

on
the

sam
e

diagonalthatare
close

to
each

other
(distance

less
than1

).

S
uch

neighbour
hits

are
probably

partofthe
sam

e
(ungapped)

localalignm
ent.

	

E
xtend

a
hitin

both
directions

to
getan

ungapped
localalignm

ent(justadd
up

scores).

S
top

the
extension

w
hen

the
score

ofthe
alignm

enthas
fallen

m
ore

thanJ

below
the

m
axim

um
attained.

	
Ifthe

resulting
localalignm

entis
good

(score
atleastKL )

then
try

to
m

ake
a

gapped
alignm

ent:

E
xtend

the
alignm

entin
both

directions,using
dynam

ic
program

m
ing.

D
o

notfillin%
m

atrix
elem

ents
iftheir

score
w

ould
fallm

ore
thanJL

below
the

m
axim

um
attained.

T
his

w
illgive

a
variable-w

idth
band

along
the

diagonal.

B
last2

is
100

tim
es

faster
than

S
m

ith-W
aterm

an
on

the
com

puter,and
nearly

as
sensitive

and
selective.
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